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SUMMARY

The effect of compressibility on the loss characteristics down-
stream of two-dlmensional turbomachine blade rows 1s analyzed. Equations
are derived for obtalning the compressible-flow boundary-layer charac-
teristics for a simple power veloclty distribution. Loss coefficients
at the blade trailing edge are then obtained in terms of these charac-
teristics. Finally, over-all loss coefficilents, including the effect
of mixing downstream of the blade row, are obtained in terms of these
characteristics.

The blade loss coefficilents based on kinetic energy both before and
after mixing are approximately independent of compressibility effect, but
the loss coefficlents based on pressure are conslderably affected. Thus,
loss coefficients based on kinetic energy are the more desirgble in de-
scribing the compressible-flow blade loss characteristics. The over-all
loss coefficlents also depend directly on the momentum thickness just
at the blade trailing edge, indicating that an accurate determination
of the blade loss characteristics depends on an accurate evaluation of
the momentum thickness for compressible-flow conditions, either by ex-
periment or theory.

The results of the anelysis also indicate that the loss coefficients
after mixing are significantly greater than the loss coefficients at the
trailing edge, especlally at high subsonic and supersonic velocity levels
when based on pressure. This effect of mixing should therefore be in-
cluded in describing the blade performance characteristics. The example
discussed herein also indicates that increasing the trailing-edge thick-
ness can increase the over-all loss coefficlents significantly, with a
compressibility effect only at flow angles close to axial.
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INTRODUCTION

The potentialities of size, weight, and stege reduction in the ro-
tating components of Jjet engines through utilization of increased flow
velocities have motivated considerable research on these components. The
practicability of such components in engines depends to a great extent on
their ability to achieve efficiencies comparable to those of more con-
servative units. Thus, it is dimportant that the effect of the Increased
flow velocities on the various losses within the turbomachine blade rows
be understood.

One of the more important losses occurring within turbomachine blade
rows 1s the two-dimensional friction loss incurred as the air passes over
the blades. This loss is commonly described in terms of a mass-averaged
total-pressure or kinetic-energy defect Jjust at the blade exit. The
measurements at the blade exit can also be used to obtain certain char-
acteristics of the boundary layer as it leaves the blade. The character-
istics commonly used in boundary-layer work are (1) displacement thick-
ness, which is a measure of the flow blockage due to the boundary layer,
(2) momentum thickness, which is a measure of the loss in momentum due
to friction within the blade, and (3) energy thickness, which is a meas-
ure of the kinetic-energy loss due to friction.

After the flow leaves the blade, mixing takes place until uniform
conditions are established. The over-all loss as obtained from the blade
inlet to that station after mixing represents the true loss of the blade
and is greater than that obtained by mass-averaging the loss Jjust at the
blade exit. The difference between the two losses can be termed a mixing
loss, since it occurs as a result of the nonuniformities of the flow Just

at the blade trailing edge.

This report presents an analysis of the losses occurring downstream
of a two-dimensional blade row in terms of the basic boundary-layer
characteristics occurring at the blade exit for compressible-flow condi-
tions. Equations are derived for the following:

(1) Obtaining the compressible-flow characteristics of a boundary
lsyer having a simple power velocity profile

(2) Using these boundary-layer characteristics in obtaining loss
coefficients at the blade tralling edge

(3) Again using these boundary-layer characteristics in obtaining
over-all loss coefficients, which include the effect of

mixing downstream of the blade row.

The results of the analysis are then used (1) to show the effect of
increasing the flow velocities into the high subsonic and supersonic re-
gion on the loss coefficients, (2) to study the effect of mixing
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downstream of the blade row on the loss coefficients, and (3) to study
the effect of trailing-edge thickness on the over-all loss coefficients.

BASTC CONSIDERATIONS

A description of the basic conslderations involved in this Investi-
gation can be made through use of figure 1. A typical two-dimensional
turbomachine blade row with the station nomenclature used 1n the analysis
is shown in figure 1(a). All symbols are defined in appendix A.

Station O

Station O represents the inlet to the blade row. At this station
uniform total pressure p}, is assumed to occur. No flow angle or ve-

locity level need be specified at this station, as the investigation
presented herein is independent of these quantities.

Station 1

Station 1 is that station Jjust downstream of the blade row. As the
flow passes through the blade rcw; a boundary layer is formed on each
surface. This boundary layer results in a velocity and total-pressure
profile similar to those indicated in figure 1(c). The velocity varies
from that at free stream (st’l) to O in the region of the trailing

edge. The total pressure veries from a free-stream value of Pfs,l = p}
to the static pressure pj. As indicated by figure 1(c), this static
pressure is assumed constant across station 1.

Also shown at this station is a trailing-edge blockage 8o, which

is expressed in terms of spacing s. As indicated by figure 1(b), the
value of Bte can be obtained from the relation

t
Ste = 5 cos o (1)

It is assumed that over this area no weight flow, and hence no velocity,
occurs and also that the static pressure is equal to p;.
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Station 2

Station 2 is located at a distance sufficiently downstream of the
blade row that complete mixing has taken place. Both flow velocity Vo
and total pressure p) are uniform, as shown in figure 1(c). The total
pressure p, 1s less than Py because of the blade loss.

The investigation presented herein utilizes the basic considerations
Just discussed in the following three phases:

(1) The compressible-flow boundary-layer characteristics occurring
at station 1 are developed for a simple power velocity profile.

(2) Loss coefficients at station 1 are then obtained in terms of
these boundary-layer characteristics.

(3) Over-all loss coefficlents at station 2 are then obtained in
terms of these same boundary-layer characteristics at station 1.

The three phases are presented in this order in the next three
sections.

BASTC BOUNDARY-LAYER CHARACTERISTICS

Four parameters are used in this report to describe the characteris-
tics of the boundary layer at the blade exit: (1) displacement thickness,
(2) momentum thickness, (3) energy thickness, and (4) pressure thickness.
The first three parameters have been used previously in one form or an-
other in boundary-layer work. The fourth parameter is the same as the
third for incompressible flow and is & measure of the mass-averaged.
total-pressure loss at the exit of the blade row for campressible
flow.

Displacement Thickness

A typical boundary-laeyer velocity profile is shown in figure 2. The
velocity varies from zero on the surface to Vpg at the full boundary-

layer height 8p17. The free-stream static pressure is assumed to extend

through this boundary layer to the wall, and the total temperature is
assumed constant across the boundary layer. The loss in mass flow as &
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result of the boundary-layer formation 1s expressed in terms of & dis-
placement thickness &, over which free-stream specific mass flow passes.
Mathematically,

Sru11
%rsVes = Bru11PrsVes - PV &
0
or
Spu11 .
5 =5 - —LB_ 4y 2)
full o PrsVes (

Momentum Thickness

The momentum thickness 6 1is defined in a manner similar to the
displacement thickness. The loss in momentum as a result of surface
friction is expressed in terms of a length 6 over which free-stream
momentum passes; that is,

5
» Sput1 full
OppVag = Vpg oV ay - oV2 ay
0 0
or
Bpui1
Spuil v 2
6 = iy - o ay (3)
Pfs'fs PrgVis
0 0

Energy Thickness

The loss in kinetic energy as a result of surface friction is simi-
larly expressed in terms of a length ¥ over which free-stream kinetic
energy passes; that 1is,

Spull 5

T full
1 V3 1l .2 1 v.3
\]I'Epfsfs=—2'st de.Y—'é' o o} ay
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. Bpu11 Sru11
v o= V _E___~ ay (4)
0 Pts fs pfs fs
Pressure Thickness
Finally, the mass-integrated loss in total pressure as a result of

surface friction is expressed in terms of a length & over which a mass-
integrated free-stream dynamic pressure exists. Mathematicelly,

Bpu11 Srull
EppgVeg(Dis - D) = Py o pV dY - . p'pV ay

or,

full full
PV gy - 0V sy

pfsvfs Pfs pfsvfs

Form Factor

The form factor H 1is defined as

(6)

H =

olm

" Substituting equations (2) and (3) into equation (6) gives

° Vv
- —PY _ ay
anll pfsvfs
H= 0
Beull full
pv ay - pV . ay
prVfB prst
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or, defining y = Y/8p.11,

1= __QX;_'dy
pfsvfs

E = ° (7)
1 1
bV dy - _EXE__ dy
pfsvfs pfngs
0 0

Energy Factor

The energy factor E 1s defined as
=¥
5= (8)

Substituting equations (3) and (4) into equation (8) with y = Y/Bfull:

M M
pvV pV
\J Pesles pfsvgs
1 e |

PV ay - LA
PrsVes orsVag

ay

Pressure Factor

A pressure factor P is defined herein as

P =

®lix

(10)
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Substituting equations (3) and (5) into eguation (10) with y = Y/8p,711,

pfs fs pfs pfs fs
(11)
2
1 - <%%> __E%__ ay - _EY___ dy
P /s Prs'rs pfsvgs
0 0

Effect of Compressibility on H, E, and P

A velocity profile commonly used in boundary-leyer work is what is
called the simple power profile. This relation is

oo = (12)

This velocity profile is applied to equatioms (7), (9), and (11) in ap-
pendix B to determine the effect of compressibility on H, E, and P.

The resulting equations derived in appendix B are

1 3Afs SAES
H = n+l 3n+1 5n+ 1
1 Apg Afs
(n +1)(2n +T) (3n + 1)(4n + 1) ﬁn + 1)(6n + l)
(B12)
) [ L 2%, ]
E = L (n+1)Bn+1) (30 + 1)(5n + )t (5n+1)Tn+T

1 Apg Afs
GrLn+1) mrl@m+1) " GarDGo+1) ¥

(B13)
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(@B e[ @), 7] - (3), 2]

- n o+ L 30 + 1 + 5o + 1 + .
2
h 1. (2 1 . Apg + Afg +
P'Jegl{ (n+1)(2n+1) " (3n+1)(4n+1) (Gn+1)(6n+1) & ° ° °*
(B1e)
where Apy = L=t (VN g poZr=1 0 (VN Lo
7+ 1 \Ver/pg r- 1 Ver ) ’
expressions
H v =2n + 1 (B15)
—_— -+ 0
Ver /fs
and
By =Py =_2_(_§n_+_:lLl (B16)
s >0 v +0 n +
Ver/es Ver)es

are obtained. These expressions are identical with those obtained con-
sldering air incompressible. Also, as n -+ O, the expressions

1+
n-=+0 Afs
Eo=2 (B18)
n -
and
Y
T Apg
P =2 T (B19)
n-—-+0 ﬂ
T-1

(l - Afs) - (l - Afs)
are obtained.

The parameters H, E, and P, which were computed from equations
5312) to (B19) for a range of free-stream critical velocity ratio

V/vcr)fs and velocity power n, are shown in figure 3. The energy
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factor E 18 plotted as a function of form factor H with (V/V..)eg

and n as parameters in figure 3(a). For a given n, the form factor
increases as the flow velocity is Increased into the high subsonic and
supersonic range. For example, at n - 0 the limiting H increases
from 1 at (V/V_.)pg = O to approximately 2 at (V/V_ .)pg = 1.4. The’
energy factor E 1s almost independent of veloclty level for a specified
n. At n- 0, E is constant and equal to 2. At =n = 0.5, E increases
from 1.60 at (V/V..)ps + O to only 1.62 at (V/V..)ps = 1.4, an increase
of only 1 percent. The Importance of this near independence of velocity
level is brought out later in the report.

The pressure factor P is plotted as a function of H in figure
3(b). The curve representing (V/V..)pg = O 1s the same in both figures,

since E =P . However, as the flow velocity is
Fedes 70 (e
Ver/£s Ver/es

raised into the high subsonic and supersonic region, the pressure factor
P increases markedly. For example, at n + 0, P increases from 2 at
(V/Vep)ps » 0 t0 2.97 at (V/Vep)ps = 1 and 4.54 at (V/V .)pg = 1.4.

The importance of this dependence of P on velocity level is also dis-
cussed in later sections.
APPLICATION OF BASIC BOUNDARY-LAYER CHARACTERISTICS TO
10SS COEFFICIENTS AT BLADE EXIT (STATION 1)

. The basic boundary-layer characteristics described in the previous
Bection are now used in obtalning the kinetic-energy-loss coefficlent

e; and pressure-loss coefficient E&. The kinetic-energy-loss coeffi-
cient
_ (@) (vE)
el=l—vz l=l-———v2 1 (13)
th,1 fa8,l

2

and represents the mass-averaged loss in kinetic energy at station 1.
Similarly,

D, D,
1 1
- _ Pb—‘ P%S,l (14:)
= P, P
1 1
1-—= 1-——
Po Pfs,l

and represents the mass-averaged loss in total pressure at station 1.
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Expanding equations (15) and (14),

b e,

o ' (15)

<Pfsvf%> a(z)

0]

and.

"F e e
G (-——) )

Fﬁl

(16)

In order to express these quantities in terms of the basic boundary-layer
characteristics, define

l .
v N
<6;§V;;>l d(g) =107 - Bee (17a)
0
1

= (71|, ) - -
@l e ws
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M1
1
1- (2 oV a2
[ <pfs>]] <pfsvfs>l <S) *
= £ (17a)
1- <—L
Peg /1.
Jo
where it 1s assumed that
6*'= 6tot - Bs + 8p (183)
8 Ccos al 8 cos al
e 6 + 8
e* = tot - 8 P (le)
8 cOs G 8 cos dn
¥ v o+ ¥
Iy* = tOt - B8 P (ch)
8 COB Qq 8 co8 Oq
* _ Etot _ £ + & (184)

g = 8 COB Qg T B cos aq

Substituting equations (17) into equations (15) and (16) then yields

o = (19)
LT T (6% + oyg)

and

& (20)

1
l_l

!
Lot
o

*
+
&
L

Defining

and ‘ P (21)

]
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13
equations (19) and (20) can be written as
- o*E*
e = 22
1710+ Bte) ] (22)
— o%p*
= 23
LTT (5 + opg) (23)

APPLICATION OF BASIC BOUNDARY-LAYER CHARACTERISTICS TO OVER-ALL
10SS COEFFICIENTS (STATION 2)

This section presents the equations used to obtain the over-all loss
coefficlents across the blade row e, and ,. Although the bars again

denote a mass-averaged value, actual mass-averaging is not necessary,

since conditions are uniform_gﬁ station 2. These coefficients are de-
fined in the same manner as e; and a;; that is,

-1
N T
Po
_ v (E) 0
eo =1 - = 24
Vin, 2 Il (2]
J 1 T
— -1
P
and
Pl
-3
—_ 0
wy = T (25)
1 - —=
Py

The derivation of the equations used in obtaining these coefficients in
terms of the basic boundary-layer characteristics at station 1 is pre-

gsented in appendix C.
Incompressible Flow

For the incompressible-flow case, which represents the lower limit
of the compressible-flow case where (V/Vcr)fs,l -+ 0, the density p 1is
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constant. Because of this specification, EZ < v ) =W /y
2 0 J =+ Q0
fs < >

Ver cr/fs
and can be set up directly in terms of the boundary-layer characteristics
at station 1. This is done in appendix C, and rewritten here is

€2,( v a0 2V =0
Ver/£s,1 Ver/rs,1

(1-8" - B - 6)°

2 ¥*

sin®ay % 5 + coszal(l -3 - Ste)z
N (1 - 8" - Be)

1+ 2 cosPay [(1 - 8 - 855)% - (1 - 8% - By - 67)]

(c11)

where
t + 5

ate + 8% = tot
8 COS Cbl

Compressible Flow

For the compressible-flow case, the density p varies and must be
considered in the derivation. When this was done, no explicit equation
for e, or wy could be obtained as for incompressible flow. However,

from equations (24) and (25), it is evident that, once pé/pb " and pz/pé

are known for a given set of conditions, e, and ®, can be computed

easily. The following steps summarize the method of computing these
pressure ratios described in appendix C for given conditions at the blade
exit:

(1) The parameters C and D are computed from

2
T+ 1 2 * #y(_V
- T4 cos 1 -8 - By - 6%)o
_ (1 A:E‘s,l) 27 cos“ay ( . te )<§c;>fs,l
- v

C
3
cos Cbl(l - 8" - 6te)("?c—;>fs’l

(c1s6)

3667
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_ (v 1 - 8% - By -
D= (— sin cl1s8
<Yc;>fs,l “ < 1-98 - Ste (c18)
(2) The quantity (Vx/vcr)z is obtained from the equation
Vx 1C ¥c 2
=\ - - - Yy -1
(Vc;>2 T+ 1 4v/<r n £> 1+ PP (c20)

(3) The demsity ratio (p/b')z is computed from

1
@@l e

(4) The total-pressure ratio pé/bb is computed from

v 3
o <?%v—;> cos aq (1 - 8 - 8g.)
2 _ cr/fs,l :

22
o'Ver

(5) The pressure ratio (p/p’ )o can be computed from step (3) and

the equation
2\ (e
/2 \P')a

(6) Once this pressure ratio is known, e, and oy can easily be
computed from equations (24) and (25).

(c22)

‘The equations just presented were used to obtain the curves in
figure 4. Figure 4(a), obtained from equation (Cll), represents the
limiting case where (V/Vcr)fs 1 > 0. Figures 4(b) to (e) were ob-

tained from the ccmpressible—flow equations and cover (V/ )fs,l of
0.6, 1.0, 1.2, and 1.4, respectively.

Except for figures 4(d) and (e) (supersonic flow), each figure
hag three parts corresponding to a; of O 30° , and 60°. For
(V/Ver)es,1 Of 1.2 and 1.4 (figs. 4(d) and (e)), a limitation is imposed
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on a (37.5° for 1.2 and 50° for 1.4). These angles represent the limit
where the axial component of the Mach number Mfs,l is unity. At angles

less than these limits, an oblique or normal shock was indicated in the
solution to the eguations. Figure 5 presents this limiting angle a; as

a function of the supersonic (V/Vcr)fs,l‘ Thus, there are only two parts
for figures 4(d) and (e), corresponding to aq of 37.5° and 60° for

= O (o) -
(V/Ver)eg,1 = 1.2 and 50° and 60° for (V/V. )pg 1 = 1.4.

3667

Shown in each figure are the over-all kinetic-energy-loss coeffi-
cient e, and the pressure-loss coefficient , as functions of the

momentum thickness 6% for a range of (t + 5tot)/8 from a lower limit
to 0.10. This lower limit as shown represents the minimum (t + Stot)/s
that can be obtained for the given a; and 6% and is computed using

the minimum form factor from the equation . '

where H is obtained from equation (Bl7).
’ n-+0

Also shown in the figures are lines representing

& E =20° (26)
n-+0
and
e¥ P (27)
n-0

as a function of 6*. The significance of these curves is discussed
later.

For specified boundary-layer characteristics and blade geometry,
figure 4 can be used in estimating the over-all loss coefficients es
and Eg for any blade given conditions at station 1. The figure can
also be used to study the kinetic-energy and pressure defects behind a
blade row with satisfactory accurascy for moderate values of (t + Btot)/s.
This can be done using p; and st,l instead of p, and th,z in

equations (24) and (25). Further, the figure can be used to make some
general observations concerning the flow conditions downstream of the

blade.
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Accuracy of Boundary-layer Charscteristics Needed
to Campute Over-All ILoss. Coefficlents

In determining the over-all loss coefficients of a blade of a given
geometry, the boundary-layer characteristics at the blade exit, 6* and
(t + Btot)/s, mast be known or estimated. Inspection of figure 4 shows

that, especially for small values of (t + Btot)/s, only moderate accuracy
in obtaining this parameter need be required. However, since 32 and 52
are almost directly proportional to 9*, the accuracy in obtaining these
coefficients depends on the accuracy in knowing 6*. Now,

)
g% - _ Lot (18b)

5 COSCLl

Since s and a; are functions of geometry, the accuracy in obtaining

* in turn directly depends on the accuracy in obtaining the total mo-
mentum thickness 6yo. It is thus necessary to have either (1) exten-
give data available from which accurate estimates of the momentum thick-
ness can be obtained or (2) an accurate apalytical method for computing
the momentum thickness in terms of the blade geometry and velocity and
static-pressure distributions around the blade for compressible-flow
conditions, before an accurate evaluation of the blade over-all loss
characteristics can be made.

Effect of Compressibility on Loss Coefficients Before and After Mixing

A study of the effect of compressibility on the loss coefficients
before and after mixing can be made from figure 4 and equations (22) and
(23). If 3%+ 5., 1s sufficiently small, the equations can be modi-
fied to 2

e = 6°E¥ (28)

@ = 67P (29)

Inspection of figure 4 shows that the lines representing 6% n<§ 0

(eq. (26)) end the lines representing 6% n P o (eq. (27)) approxi-
+

mate e, and «, for small values of (t + Byo:)/s. So, from equations
(26) to (29),
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= (30)

(31)

In illustrating the effect of compressibility on these loss coeffi-
cients, let the factors E*¥ and P be represented by E and P cor-
responding to n = 0.25, With.tgis assumption figure 3 can be used to
campute the ratios ep/e; and wp/wy  from equations (30) and (31).

The calculation results are shown in figure 6, where eg/el and mzﬁgl
are shown as functions of free-stream critical velocity ratio at station
1, (V/Ver)es,1. At (V/Ver)rs,1 = O, the values of e2/e1 and @p/m;
are identical and in this case equal to 1.16. Thus, for (V/V, )fs 170

a l6-percent increase 1n loss coefficient is obtained because of the
mixing downstream of the blade row.

e

As the flow velocities are increased into the high subsonic and -
supersonic range, ez/el remgins practically constant, indicating that

the effect of mixing on the kinetic-energy-loss coefficient is almost
independent of veloclity level. However, mzﬂnl increases markedly as

the velocity level is increased, from 1.16 at (V/V, )fs 1 +0 to 1.39
at (V/Voples,1 = 1.0 and 1.70 at (V/V)eg 1 = 1.4. These seme trends
can, of course, be observed in figure 4, in that the curves for o, in-
crease markedly in slope from those of &, as the velocity level is in-

creased. On the basis of this discussion, it can be concluded that,
using either e, or wp, mixing downstream of the blade results in loss

coefficients significantly greater than those at the trailing edge, 52

being the more affected at the high velocity levels. It is therefore
important that, in describing the performance of a blade, over-all char-
acteristics be used rather than those mass-averaged just at the blade
exit. Also, because 'EZ as well as ey is independent of the effect

of compressiblility, these coefficients appear to be more desirgble than
o and ®p in describing the blade performesnce characteristics.

Effect of Trailing-Edge Thickness on Over-All Loss Coefficients

The effect of trailing-edge thickness t/s on the over-all loss
coefficlents can also be determined through use of the parameter
(t + Btot)/s in figure 4. This effect is best illustrated by an ex- -

ample. The curves of figure 4 were used to compute the over-all loss
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coefficlents of a blade row having a momentum thickness 6% = 0.01 and
an H* represented by H corresponding to n = 0.25. The results of
these calculations are presented in figure 7 in terms of the kinetic-
energy-loss coefficient es. The ratio of e; to e; at zero trailing-

edge thickness is plotted as a function of trailing-edge thickness for
a; of 0%, 30°, and 60° with free-stream critical velocity ratio

(V/Vér)fs,l as the parameter.

Inspection of figure 7 shows that the trailing-edge thickness, es-
pecially et high values, can increase the over-all loss coefficients
significantly. For exemple, at aj = 60° and (V/Vop)eg 3 = 1.0,

Eé/gé,t/s=0 1s 1.25 for a tralling-edge thickness t/s of 0.04., If

the thicknesgs is increased to 0.08, 2 es,t/s:Q is 1.73.

The effect of compressibility on the trailing-edge loss character-

istlics can be studied with use of the parameter (V/vcr)fs , in figure 7.
2

For (V/Vér)fs,l + 0, e, does not vary markedly with angle. For example,
- = o o
at t/s = 0.04, epfep /5o 1s 1.25 for ap = 0° end 1.22 for o) = 60°,
As the flow veloclity is increased into the high subsonic and supersonic
regions, the trend with compressibility depends on a;. At o = 60°,

the effect of compressibllity is small. Again, for t/s = 0,04,
eZ/eZ,t/s=O increases fram 1.22 for incampressible flow to 1.36 for

(V/Vcr)fs,l = 1.4. However, at oy = 0°, a much greater effect can be
noted. For t/s = 0.04, eZ/EZ,t/s=O increases fram 1.23 for incompress-

ible flow to 1.91 for (V/Vo )eg ;1 = 2.0. This effect does not extend
above (V/Vér)fs,l = 1.0 because of the limitation imposed by the axial

compconent of the blade-exit Mach number (see fig. 5). Thus, this dis-
cugssion indicates that increasing the traillng-edge thickness can in-
crease the over-all loss coefficlent significantly, with a compress-
ibllity effect at low values of a.

SUMMARY OF ANALYSIS

In an analysis to determine the effect of compressibility on the
two-dimensional loss cheracteristics occurring downstream of turbo-
machine blade rows, equations were derived for obtaining the compressible-
flow boundary-layer characteristics for a simple power velocity profile.
Loss coefficlents at the blade trailing edge were then obtained in terms
of these characteristics. Finally, over-all loss coefficients, which in-
clude the effect of mixing downstream of the blade row, were cobtalned in
terms of these characteristics. Pertinent results of the analysis are as
follows:
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1. The loss coefficients based on kinetic energy both before and
after mixing were approximately independent of compressibility, but the
loss coefficients based on pressure were considerably affected. Thus,
the loss coefficients based on kinetic energy are the more desirable in
describing the campressible-flow blade loss characteristics.

2. The over-all loss coefficlents depended directly on the momentum
thickness just at the blade trailing edge. Thus, in order to obtain the
blade loss characteristics accurately, an accurate evalustion of the mo-
mentum thickness must be obtained for campressible-~flow conditions,
elther by experiment or theory.

3. The loss coefficients after mixing were significantly greater
+han those at the tralling edge, especially at high subsonic and super-
sonic velocity levels when based on pressure. This effect of mixing
should then be included in describing the blade performance
characteristics.

4, In the example discussed, increasing the trailing-edge thickness
increased the over-all loss coefficients significantly, with an effect
of compressibility only at exit flow angles close to axial.

Tewis Flight Propulsion Laboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, June 8, 1955

3667



L99¢

NACA TN 3515
APPENDIX A

SYMBOLS

2
Y-1/V
A parameter equal to TF1 <§;:>

B constant equal to (2y - 1)/(y - 1)
c parameter defined in eq. (C16)
D  parameter defined in eq. (C18)
E  energy factor, ¥/0; E¥ = y¥/o*

e kinetic-energy~loss coefficient

g acceleration due to gravity, 32.17 ft/sec®
H  form factor, 5/0; H* = 6%/6*

M Mach number

n exponent used in describing boundary-layer velocity profile
P pressure factor, £/0; P* = £¥/o¥*

P  pressure, 1b/sq £t

8 blade spacing, ft

T  temperature, °F abs

t blade trailing-edge thickness, ft

u distance in tangential direction, £t

v gas velocity, ft/éec

W welght flow, lb/sec

X distance 1In axial direction

21
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Y distance in direction normal to boundary-layer travel, £t
v distance in direction normal to boundary-layer travel in terms

of ®py31s ¥ = Y/Opu11 :
a flow angle measured from axial direction, deg
Y ratio of specific heats '
s) displacement thickness, ft %
g% displacement thickness defined as stot/s cos &, "
Spy11 full boundary-layer height, ft
dte ratio of tangential component of trailing-edge thickness to

spacing, t/s cos aj
) momentum thickness, ft
o* momentum thickness defined as e'tot/s co8 dq
E pressure thickness, ft
g¥ pressure thickness defined as ‘Etot/S cos aq
o gas density, 1b/cu £t
¥ energy thickness, ft
\b’* energy thickness defined as ‘l’tot/’s cos
® pressure-loss coefficient
Subscripts:
cr conditions at Mach number of 1
fs conditions at free-stream or that region between blade wakes
P pressure surface

8

th

suction surface

theoretical
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tot sum of suction and pressure surface quantities
u tangential componené'

X axial component

0 station upstream of blade row

1 station Just downstream of blade row

2 station after complete mixing occurs
Superscripts:

total state

refers to mass-averaged quantity

23
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APPENDIX B

DEVELOPMENT OF EQUATIONS FOR FORM, ENERGY, AND FPRESSURE

FACTORS IN TERMS OF COMPRESSIBLE FLOW

This appendix presents the development of the equations used in ob-
taining the form factor H, energy factor E, and pressure factor P in
terms of compressible flow. The equations for these parameters are

1
1 - bV
PrgVrs
H = 7
& (7)
1 2
T S R L
PrsVrs pfsvgs
0 Jo
[ 6V Fl pv>
- dy
kJ PrsVrs pfsvgs
0
E = (9)
1
N1l 2
pVv _ pV dy
PrsVrs orsVig
Jo 0
and
1 , v
_ 2__pY dy
p Pi. Po.V
fs fs fs "fs fs
P= T (11)
on
- v - W
pfS fS pfSVfS

0]

In order to perform the necessary integrations for the simple power ve-
locity profile

T

(12)
fs
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equations (7), (9), and (11) must be expressed in terms of V/Vp, so

that equation (12) can be used. With the assumptions that the total tem-
perature and static pressure are constant within the boundary layer and
equal to the free-stream values,

Tfs
L I
) T (B1)
fs T'-
and
X
D Teg -1
Ppg B T
p' <T >T-l
T
The energy equation can be written
T, r-1(7\
T Y+ 1 \Vep
=1-A . (B3)
where
2
_r-1 ( v )
A= - (B4)
T+ 1 \Vep
Thus, substituting equations (B4) and (B3) into (Bl) and (B2),
Lo (1- ap)(1 - A)T (85)
Prg
and
X __XI
1 1 _
D @) -7 (B8)

Pts




and

P =
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Finally, substituting equations (B5), (B6), and (12) into equations (7),
(9), and (11) and noting that A = A,

2

1
= - f (1 - A y?%)" ¥R ay
H= (B7)
f (1 - Apgy®) 7 ¥® ay - j (1 - Apy®™) 22 ay
0
. |
j (1 - Apey?™)™ 3@ f - Apy?) ™ ¥PT ay
E = 01 . (B8)
f (1 - Apgy?2) ™" 32 ay - f (1 - Apgy?2)™" y20 gy
0] o]
18
L I e
f(l-Ay) LR ay - (1 - ag)" (1-a,9%) "Ry
0 0

1 1
ns-1 ny-1 _2n
[j; (- AstZ YUy ay - j; (1 - Afsyz ) yz dy]l: - (%)fs:’

(B9)
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The individual integrations were performed using the binominal expansion
to yield

1 « i N
(l"Afsyzn)-lyndy=nJlrl“"sifil*sifil+' -

0

1

(l’Afsyzn)-lyzndy=2nil+42fil+eﬁ%l*' -

1 Apg ' A%s

- 2ny-1 _3n -
(1 - Apsy®®) ¥ dy = Zn+ 1 5a+r1t Tm+ 1T

0]
and
. 2r-1
-ar-1
2n, T-1 1 BAp B(B + 1) 4f
(1 - Apey™) nd‘y—n+l+3n+sl+ (zz )5ni1+“°
0 )
(B10)
where B = (2r - 1)/(v - 1).
Also,
1 3
i—:—KE; =144 Apg + AES + Apg + . . . (B11)

So, substituting (BlO) and (Bll) into equations (B7), (B8), and (B9) and
combining where desired yield

2
1 3Afs SAfs

n+1l 3m+1 i Sp+I Tt

1 Apg A%s

GrD@Em+D " Emr D@D " GrOeGrD - -

(B12)
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B 2
2 1 + Lpg + Afg + ]
E = | (0 +1)Bon+1)  (Gn+1)Gn+1) " (5n+ 1)(7n+1)  ° ° °|
1 + Apg + A%s
G+rl)(za+I) GorD@m+1) Go+rDGan+1) " "
(B13)
|(x _ (2 2 _(2\ BB+1)
R R N
P - n+ 1 3n + 1 - ' 5n + 1 e
1 Afs Z
n[l‘<’§T)fS (n+1)(2n+1)+_(3n+1)(4n+1)+(T5n+1)%6n+1) T
(B14)
where

X

O

As (V/vcr)fs -+ 0, H and E can easily be obtained from equations
(B12) end (B13). The limit on P as (V/V_.)pg~> O camot be determined
directly from equation (Bl4). However, it can be shown that

P/y =B/ . Thus, from equations (Bl2) to (Bl4) the
T >0 =) - =20
cr/fs,l Ver fs,l

expressions
H/ ¢ =2n+ 1 (B15)
(B
cr/fs
2(2n + 1
BPVN Lo F V) _,O=J§T11 (B16)
Ver/fs Ver /s

are obtained. These expressions are the same as those obtained consider-
ing air incompressible.

It is also desired that the limits in the parameters as n- 0 be
obtained. These limits can again be derived directly from equations

2661
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(B12) end (B13) for H and E but must be obtained from (Bl4) using
L'Hospital's rule. Thus,

1+
H =.i__if_5. (B17)
n-+0 - Apg
E =2 (B18)
n-»> 0
.
_ -’r_.lA‘fS
P =2 T (B19)

n-~+0 el =

(l - Afs) - (l - A’fs) -1

These limits might ﬁave been obtained directly from the basic equations
(6), (8), and (10) by letting V/st =+ 1 and using L'Hospital's rule.
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APPENDIX C

DERIVATION OF EQUATIONS USED TO OBTAIN OVER-ALL LOSS COEFFICIENIS
IN TERMS OF BASIC BOUNDARY-LAYER CHARACTERISTICS

The equations used to obtain t§§ kinetic-energy-loss coefficient Ez
and the pressure-loss coefficient wpy in terms of the basic boundary-

layer characteristics at station 1 are derived herein. The basic equa-
tions are described, and solutions for incompressible and compressible
flows are given.

Basgic Equations

The following equations are used to relate conditions between sta-
tions 1 and 2:

Continuity. - At station 1

1
W = cos a (pV)q d(%)

and at statlon 2
w = (pV)y cos ap

Equating weight flows at stations 1 and 2 gives

1
cos ay (pV)y d(g) = cos ap (pV),
0]

or, using equation (17a),
co8 oy (l - 8% - Ste)(pv)fs,l = COS Cop (pv)z (Cl)

Momentum in tangential direction. - The following equation relates
the tangential momentum at stations 1 and 2:

1
sin aq cos o (sz)l d(g) = sin ap cos oy (sz)z
0 .

3667



L99¢

NACA TN 3515 31

Using equations (17a) and (17b),
sin oq cos op (1 - 8% - Bte - e*)(pvz)fs,l = sin ay cos a, (pvz)z
(c2)
Momentum in axlal direction. - The equation used in conserving mo-
mentum in the axial direction is more complicated than that in the tan-

gential direction, in that change in static pressure must be considered.
This equation is

1
gpy + cosza,l (pVZ )l d(—g) = gpp + COSza'z (DVZ )2
o .

Again using equations (17a) and (17Db),
gpy + coszcn1 (1L -8%- Ote = O )(sz)fs ,1 = &pp + cos ag (pvz)z
(c3)

Incompressible-Flow Solution

The incompressible-flow case can be said to represent the lower limit

to the compressible-flow case where (V/ r)fs,l'* 0. For this case the
density 1s specified constant. Thus, the over-all pressure-loss coeffi-
clent m2’< v is equal to e2,< v

—— -> P g —)O
Vbr)fs,l vér)fs,l
as

| t
- = ~ Po- P
(1)2’ (._V_) ) ez’<._v._) ) Pb - P2
Ver fs,1 \/ fs,1
Now, for incompressible flow

=P +3 (pvz)fs 1 @nd P} =Dy + 5 (pVZ)z

and can be written
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80 E% can be written as

Ves,1

o =1 - C4
2, (¥ -+ 0 P - Pg (ce)
Ver /£s,1 1+

It is desired to use the basic equations (Cl) to (C3) in order that uy

can be expressed in terms of conditions at station 1 only.
Rewriting equation (C3) gives

_ 2 (PV)%
Py - Py, = cos a, -

oszal (pvzjfszl

3
Tol (1o 5% - by, - 6)
or

Py - P V, \2

T 1 2 =2 coszaz 7 2 -2 coszal (1 - 8% - Byq - &)
L (o72) 8,1

2g fs,l

(cs)
AMlso, rearranging equation (Cl) and squaring yield
2
2 V2 2 * 2
cos = cos (1 - 8% - 8:.)
a2 (}fs,;> pot | te
Substituting into (C5),
P, - P
1 2 2 * 2 ¥* 3
T o) = 2 cos @ [kl - 8" - Bpa) - (1 - 87 - By - 6 ﬂ
2g W' /fs,l
(ce)

Equations (Cl) and (C2) are now solved for (Vé/st’l)z in terms of con-
ditions at station 1:

2 2
< Y2 NS (1 Lo - by )2 (c7)
st,l coszot.2
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Vé a sin ) cos ay % %
st,l = sin Qo COS Oy (1 -o*- Bpe - 67) (c8)
Equating (C7) and (C8) gives
cos al sin al
* 2 % 3
Tos @ (1 -8 - 8ge)® = o5 % (1 - 3" - Bge ~ 67)
Squaring and using trigonometry,
2 2
cos“aq 4 sin aq * %
o (L - 8% - Bye)t = ———2— (1 - & - By - 6%)2
cos®ay 1 - cos %

2 2
and solving for cos al/cos @ 5

(1 - 8% - 5y, - 6%)2
(1 - 8% - 80)%

COBZCIrl
COBZG,Z

Substituting equation (C9) into equation (C7) gives

2 (L -8%-5 - 8%?2
V2
2 te 2 * 2
= sin + cos (L - 8% - 8e)
<&fs,¥> T e - Bre)? 1 te

= sin?al + coszal (c9)

(c10)

Finally, substituting equations (C6) and (C10) in equation (C4) gives

3 #\2
sin?al (1 - 38" - 8y, - 67)
(1 - 8% - 5,02

+ cosza1 (1-5*-ate)z

Co, /v =1-7 2 _ 5% 5. )2 - (1 - &% - _ o*
— + 0 + 2 cos®ay | (1-8% -8..)° - (1 dre - 6%)
fs,1 '

V
cr

(c11)

where

s gt ot Bot
te ~ s cos o
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Equation (Cll) was used to obtain ®, = e, for (v]vér)fs,l -+ 0
and is graphically shown in figure 4(a).

Compressible-Flow Solution

In the compressible-flow solution the density p 1s not constant
and must be included as a variable in the equations. So, for this solu-
tion, equations (Cl) to (C3) are written in dimensionless form as

cos ay (1 - &% ate)< >fs N <-p—%’c‘—l>2§?—) ’ (c12)
(c13)

%% (r Zrl) + COé oy (1 - &% - Byq - 6F ;E§§;>fs .
5 ) (), @0

Solving (Cl2) for pi/py and substituting into (C14) with
p1/pY = (p/p’)fs,l (1 - Apg 1) yield

cr

2
Y+ ¥*
(1 - 8p5 1) gy + cos al (1-8"- 8, -6 )(&. )fs 1

V
_P_z_ Y+ 1 +< pv;z{ > o8 al (l ) 6 6te)<vcr>fs 1 (ClS)
P 2

P, 2v 1y2 pVy
P Ver/2

cr
+ 1 2 * #/ V\2
(1 - Afs,l) Lt 5 *+ cosay (1-8"-58,,-86 )(———)

\/ fs,l
cos ay (1 - 8% ate)< cr)fs 1

or, defining

Q
n

cTr

(cx8)
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equation (C15) becomes

o) c < %\ ,rrilfe_
A P'Ver/z  2r P}

cr

Using the equations of state and energy, this equation reduces to

2 2 2
_Eg - C Vy I s 1 1 .Y~ 1 Vx + _Xﬁ =0
Ver /2 Ver /2 ar - T+l \Ver /o Ver /2

(c17)

Now, solving equations (C12) and (C13) for (V,/V..)s,

v, 1-8%- 5, -
.v;E =ED= i;L- sin a1< e te (cis)
cr/2 cr/fs,l 1-8"-58.,

Equation (C17) can thus be expressed in terms of (V&/Vér)z using equa-

tion (C18) as
A A y-1

- + 1 -X=-=1m2) =0 (c19)
<§ér>2 T+1\Ver/o T+1

The terms ‘C and D are known, as they are functions of station
1 only. Equation (C19) is a quadratic equation in (V,/V..), with the
solution

V. 2
x\ _ _yC YC _ r-1
<?ér = - Avkér:73> 1+ I5 D (c20)

The minus sign is used in this solution to yield the correct conditions
after mixing. Once (V,/V_.), 1is obtained from equation (c20), the

density ratio (p/p'), 1is obtained from

ey i x=2lp, (%Y o (c21)
<p')2 Y+ 1 Ver /2
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Equation (Cl2) can then be solved for pé/bb as

' _&L 1 - 5* _
P2 _ (p' cr>fsll cos o Ste) (c22
A |

p'vcr 2

Now, for the compressible-flow case e, and w, are expressed as

-1

pA\ ¥
Na/
x-1

ey = (24)
o\ ¥
(—> ) l
P2
and
P!
1-25
- Po
= 25
w, 5 (25)
1-=
Po

Thus, in solving for Ez and E% the following steps are needed:

(1) For specified conditions at station 1, the parameters C and D

can be computed from equations (C16) and (C18).
(2) (V/V.p)p can be computed from equation (C20).

(3) (p/p‘)2 can be obtained from equation (C21).
(4) pé/pb can be computed from equation (C22).
(5) (p/p'); can be computed from step (3) and the relation

(/2'), = (o/p")}-

(6) Finally, ep and «, can be obtained from equations (24) and
(25).

With these equations, figures 4(b) to (e) are obtained in a form
similar to figure 4(a).
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When the equations just described are used for (V/Vér)fs,l >1, an
oblique shock solution occurs at certain values of aq. Physically, this

solution occurs when the axial component of the Mach number at station 1
is greater than unity: that is, if Mfs,l cos &y >1. Thus, in the

supersonic solution a limit of Mpg 1 = 1/cos a; was used. This lim-
iting angle is presented in figure 5 as a function of (v/vér)fs,l and
is used in figures 4(d) and (e).
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0

Flo'" .
| u\\% TOW v _@%
x \ 1 - a“ N

t
—_— =2 B, B
Hcos te
;\ @y

2
(a) Station nomenclature. () Enlargement of blade
treailing edge.
Station O
- 8 -
\
1
P0
1
Station 1
4 L
D, V.
o] 1,fs
P
|
I*—I ByeB
Station 2
1
v, V2
| .
Total pressure Velocity

(c) Total-pressure and velocity distributions. -

Figure 1. - Description of total-pressure and velocity distributions used in analysis.
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Flgure 2. - Typlcal boundgry-layer veloelty profile.
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Energy factor, E

Pressure factor, P
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(b) Preasure factor.

Figure 3. - Effect of compressibility on variation of energy
and pressure factors with form factor for simple power
boundary layer.
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Figure 4. - Concluded. Blade loss characteristics.
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